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$\{\begin{array}{ll}u_{t}=\triangle\{(d_{1}+\gamma_{1}u+\alpha v)u\}+u(a_{1}-b_{1}u-c_{1}v) in \Omega\cross(0, \infty) ,v_{t}=\triangle\{(d_{2}+\beta u+\gamma_{2}v)v\}+v(a_{2}-b_{2}u-c_{2}v) in \Omega\cross(0, \infty) ,\frac{\partial u}{\partial n}=\frac{\partial v}{\partial n}=0 on \partial\Omega\cross(0, \infty) , u=v=0 on \partial\Omega\cross(0, \infty) ,u(\cdot,0)=u_{0}\geq 0, v(\cdot,0)=v_{0}\geq 0 in \Omega.\end{array}$ (1.1)
















$x\in R^{N}$ , $t\in R$ $(x,t)$ $S(x,t)$
$S(x,t)$ $x$ , $t$
$J(x,t)$
$\frac{\partial}{\partial t}S(x,t)=-divJ(x,t)$













$J(x,t)=-D(x)^{2} \nabla\{\frac{S(x,t)}{D(x,t)}\}=-D(x)\nabla S(x,t)+S(x,t)\nabla D(x)$







$\{\begin{array}{ll}u_{t}=d_{1}\triangle u+u(a_{1}-b_{1}u-c_{1}v) in \Omega\cross(0, \infty) ,v_{t}=d_{2}\triangle v+v(a_{2}-b_{2}u-c_{2}v) in \Omega\cross(0, \infty) ,\frac{\partial u}{\partial n}=\frac{\partial v}{\partial n}=0 on \partial\Omega\cross(0, \infty) ,u(\cdot, 0)=u_{0}\geq 0, v(\cdot,0)=v_{0}\geq 0 in \Omega.\end{array}$ (1.2)
$a_{i},$ $b_{i},$ $c_{i},$ $d_{i}(i=1,2)$ (1.2) $(u,v)$
$tarrow\infty$
$\{\begin{array}{ll}d_{1}\triangle u+u(a_{1}-b_{1}u-c_{1}v)=0 in \Omega,d_{2}\Delta v+v(a_{2}-b_{2}u-c_{2}v)=0 in \Omega,\frac{\partial u}{\partial n}=\frac{\partial v}{\partial n}=0 on \partial\Omega,\end{array}$ (1.3)
(1.3)
$(0,0) , ( \frac{a_{1}}{b_{1}},0) , (0, \frac{a_{2}}{c_{2}})$ ,
$\min\{b_{2}/b_{1}, c_{2}/c_{1}\}<a_{2}/a_{1}<\max\{b_{2}/b_{1}, c_{2}/c_{1}\}$
$(u^{*},v^{*});=( \frac{a_{1}c_{2}-a_{2}c_{1}}{b_{1}c_{2}-b_{2}c_{1}}, \frac{a_{2}b_{1}-a_{1}b_{2}}{b_{1}c_{2}-b_{2}c_{1}})$
(1.2) ;(1) $b_{2}c_{1}<b_{1^{C}2}$ (weak competitioin), (2) $b_{2^{\mathcal{C}}1}>b_{1^{\mathcal{C}}2}$
(strong competition),
(1) $b_{2^{\mathcal{C}}1}<b_{1^{C}2}$
(i) $a_{2}/a_{1}>c_{2}/c_{1}$ : $(0, a_{2}/c_{2})$
(ii) $c_{2}/c_{1}>a_{2}/a_{1}>b_{2}/b_{1}$ : $(u^{*}, v^{*})$
(iii) $b_{2}/b_{1}>a_{2}/a_{1}$ : $(a_{1}/b_{1},0)$
(1.2) $tarrow\infty$
(2) $b_{2^{\mathcal{C}}1}>b_{1}c_{2}$
(i) $a_{2}/a_{1}>b_{2}/b_{1}$ : $(0, a_{2}/c_{2})$
(ii) $b_{2}/b_{1}>a_{2}/a_{1}>c_{2}/c_{1}$ : $(0,0),$ $(u^{*}, v^{*})$ $(a_{1}/b_{1},0),$ $(0, a_{2}/c_{2})$







$\{\begin{array}{ll}u_{t}=\Delta\{(d_{1}+\gamma_{1}u+\alpha v)u\}+u(a_{1}-b_{1}u-c_{1}v) in \Omega\cross(0, \infty) ,v_{t}=\Delta\{(d_{2}+\beta u+\gamma_{2}v)v\}+v(a_{2}-b_{2}u-c_{2}v) in \Omega\cross(0, \infty) ,\frac{\partial u}{\partial n}=\frac{\partial v}{\partial n}=0 on \partial\Omega\cross(0, \infty) ,\end{array}$ (1.4)
$\alpha,$
$\beta,$ $\gamma_{1},$ $\gamma_{2}$ (1.4) $u,$ $v$
$u$ flux $J$
$J=-\nabla\{(d_{1}+\gamma_{1}u+\alpha v)u\}$
$=-(d_{1}+2\gamma_{1}u+\alpha v)\nabla u-\alpha u\nabla v$
1.2 Fick
“ ”
flux $J$ : $u$ $+v$
$\alpha,$





Mimura [28], Mimura-Nishiura-Tesei-Tsujikawa [30]
Kan-on [13]
$\searrow$ Wu
[38, 39], Wu-Xu [40]
Iida-Mimura-Ninomiya






$u_{t}=\Delta\{(d_{1}+\gamma_{1}u+\alpha v)u\}+u(a_{1}-b_{1}u-c_{1}v)$ in $\Omega\cross(0, \infty)$ ,
$v_{t}=\triangle\{(d_{2}+\gamma_{2}v)v\}+v(a_{2}-b_{2}u-c_{2}v)$ in $\Omega\cross(0, \infty)$ ,
$\frac{\partial u}{\partial n}=\frac{\partial v}{\partial n}=0$ on $\partial\Omega\cross(0, \infty)$ ,
$u(\cdot, 0)=u_{0}\geq 0,$ $v(\cdot, 0)=v_{0}\geq 0$ in $\Omega,$
$( \alpha>0, \gamma_{1}, \gamma_{2}\geq 0)$
(II)SKT
SKT (1.4) :




(SPD) $\{\begin{array}{ll}\Delta\{(d_{1}+\gamma_{1}u+\alpha v)u\}+u(a_{1}-b_{1}u-c_{1}v)=0 in \Omega,\Delta\{(d_{2}+\beta u+\gamma_{2}v)v]+v(a_{2}-b_{2}u-c_{2}v)=0 in \Omega,u=v=0 on \partial\Omega.\end{array}$
$(0,0)$ $(u^{*}, 0)$ $(0, v^{*})$ ,
$u^{*}>0,$ $v^{*}>0$ ,
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2 SKT - -
SKT
$L^{p}(\Omega)$ Amann
2.1 (Amann [1]; ). $p>N$ $u_{0},$ $v_{0}\in W_{p}^{1}(\Omega)$
(1.1) $(u, v)$ :
$u, v\in C([O, T);W_{p}^{1}(\Omega))\cap C((0, T);W_{p}^{2}(\Omega))\cap C^{1}((0, T);L_{p}(\Omega))$ ,
$T>0$




2.2 ( ). $(u_{0}, v_{0})$ $\lambda>0$ $u_{0},$ $v_{0}\in C^{2+\lambda}(\overline{\Omega})$ ,
$\partial\Omega$ $\partial u_{0}/\partial n=\partial v_{0}/\partial n=0$ Neumann
(1.1) $(u, v)$
$u, v\in C^{2+\lambda,(2+\lambda)/2}(\overline{\Omega}\cross[0, T))$
$T$
2.1. 2.2 Dirichlet $u_{0},$ $v_{0}$
$\partial\Omega$ $u_{0}=v_{0}=0$ ”
SKT (P) 2.1,
2.2 $N=1$ J. $U.$
Kim [14] $(d_{1}=d_{2})$ S. A. Shim [35]
SKT
Choi-Lui-Yamada [4, 5], Deuring [10], Ichikawa-Yamada [12], Le [20, 21], Le-Nguyen [23],
Le-L.V.Nguyen-T.T.Nguyen [22], Lou-Ni-Wu [26], Tu\^oc [36,37], Yagi [41,42],
(P) $(u,v)$
$u(x, t)\geq 0, v(x, t)\geq 0$
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$u$
QT $:=\Omega\cross[0, T]$ (P) 1
$u_{t}=(d_{1}+2 \gamma_{1}u+\alpha v)\triangle u+\sum_{i=1}^{n}\tilde{a}_{i}(x, t)u_{x_{\iota}}+u(\alpha\triangle v+a_{1}-b_{1}u-c_{1}v)$
$\tilde{a}_{i}(x, t)=2\gamma_{1}u_{x_{t}}(x, t)+2\alpha v_{x_{t}}\prime(x, t)$ . $M:=ma_{\frac{x}{Q_{T}}}u(x, t)=u(x^{*}, t^{*})(x,t)\in’(x^{*}, t^{*})\in$
$\Omega\cross(0$ ,
$u_{t}(x^{*}, t^{*})\geq 0, \triangle u(x^{*}, t^{*})\leq 0, \nabla u(x^{*}, t^{*})=0.$
$0\leq u_{t}(x^{*}, t^{*})\leq u(x^{*}, t^{*})(\alpha\Delta v(x^{*}, t^{*})+a_{1}-b_{1}u(x^{*}, t^{*})-c_{1}v(x^{*}, t^{*}))$
$\leq M(\alpha\triangle v(x^{*}, t^{*})+a_{1}-b_{1}M)$
$M\leq(a_{1}+\alpha\Delta v(x^{*}, t^{*}))/b_{1}$ $\alpha=0$ $M\leq a_{1}/b_{1}$
$u$ $\alpha>0$
$N=2$ Lou-Ni-Wu
2.3 (Lou-Ni-Wu [26]; ). $N=2,$ $\alpha>0,$ $\gamma_{1},$ $\gamma_{2}\geq 0$ $p>2$
$u_{0},$ $v_{0}\in W_{p}^{1}(\Omega)$ (P) $(u, v)$ :
$u, v\in C([O, \infty);W_{p}^{1}(\Omega))\cap C((0, \infty);W_{p}^{2}(\Omega))\cap C^{1}((0, \infty);L_{p}(\Omega))$ .
2.2. Yagi [41] $N=2$ $\gamma_{1}>0$ (P) 2.3
$\gamma_{1}>0$
$N\geq 2$
( $A$ . 1) $u_{0},$ $v0\in C^{2+\lambda}(\overline{\Omega}),$ $\lambda>0$ ,
$\frac{\partial u_{0}}{\partial n}=\frac{\partial v_{0}}{\partial n}=0$ on $\partial\Omega.$
( $A$ .2) $\alpha>0$ $\gamma_{1}>0.$
( $A$ .1),($A$ .2)
2.4 (Choi-Lui-Yamada [5]; ). (i) $\gamma_{2}=0$
(P) $(u, v)$ :
$u, v\in C^{2+\lambda,(2+\lambda)/2}(\overline{\Omega}\cross[0, \infty))$ .
(ii) $\gamma_{2}>0$ $N\leq 5$ (P) $(u, v)$
:
$u, v\in C^{2+\lambda,(2+\lambda)/2}(\overline{\Omega}\cross[0, \infty))$ .
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$u\geq 0$ $m\geq v\geq 0$ in $\overline{\Omega}\cross[0, T],$
$m= \max\{a_{2}/c_{2}, \Vert v_{0}\Vert_{\infty}\}.$
2.
$\sup_{0\leq t\leq T}\Vert u(t)\Vert_{L_{1}(\Omega)}\leq\Vert u_{0}\Vert_{L_{1}(\Omega)}e^{a_{1}T}, \Vert u\Vert_{L_{2}(Q_{T})}\leq\Vert u_{0}\Vert_{L_{1}(\Omega)}ea1T/b_{1}.$
(P) 1 ($u$ ) $\Omega$ Gronwall
3.
2.1. $(u, v)$ (P) $[0, T]$
$\{\begin{array}{l}1<q \gamma_{2}=0 1<q<\frac{2(N+1)}{N-2} \gamma_{2}>0 \end{array}$
$C_{T}$ :










$\int_{Q_{t}}u^{q}\Delta$vdxds $\int_{Q_{t}}\nabla u^{q}\cdot\nabla vdxds$
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[5]





2.5 (Tu\^o.$c[37]$ ; ). $\gamma_{2}>0$ $N\leq 9$ (P)
$(u, v)$ :




2.6 (Tu\^oc [36]; ). $\gamma_{2}>0$ $N\geq 1$ $\alpha<2\gamma_{2}$
$\alpha=2\gamma_{2},$ $d_{1}\leq d_{2}$ (P) $(u, v)$ :
$u, v\in C^{2+\lambda,(2+\lambda)/2}(\overline{\Omega}\cross[0, \infty))$ .




1. $\gamma_{1}>0,$ $\gamma_{2}>0$ $N$ $\alpha$ (P)
$( ; N\leq 9, \alpha<2\gamma_{2} )$
2. $\alpha>0$ $\gamma_{1}=0$ (P)
$( ; \gamma_{1}=0, N\leq 2)$
3.
(Le [16, 21, 22] ; $N\leq 5$




3.1 (Lou-Ni [24]; 1). $a_{2}/a_{1}\neq b_{2}/b_{1},$ $a_{2}/a_{1}\neq c_{2}/c_{1}$
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(i) $C_{1}=C_{1}(a_{\iota}, b_{l},c_{i}, d_{i}, \alpha, \beta)$ $\max\{\gamma_{1}, \gamma_{2}\}\geq C_{1}$ (SPN)
(ii) $\gamma_{1},$ $\gamma_{2}>0$ $C_{2}=C_{2}(a_{i}, b_{i}, c_{i}, \alpha, \beta, \gamma_{i})$ $\max\{d_{1}, d_{2}\}\geq C_{2}$
(SPN)
3.1 $d_{1},$ $d_{2}$ , $\gamma_{1},$ $\gamma_{2}$
weak competition
$b_{2}/b_{1}<a_{2}/a_{1}<c_{2}/c_{1}$ (3.1)
3.2 (Lou-Ni [24]; 2). (3.1) $C_{3}=C_{3}(a_{i}, b_{l}, c_{l})$
$(i)\sim(iii)$ $(u^{*}, v^{*})$ (SPN)
(i) $\max\{\frac{\alpha}{d_{l}},$ $\frac{\beta}{d_{i}},$ $\frac{\gamma_{j}}{d_{l}}$ ; $i,j=1,2\}\leq C_{3},$
(ii) $\max\{\frac{\beta}{d_{1}}(1+\frac{\alpha}{d_{1}}),$ $\frac{\alpha}{d_{2}}(1+\frac{\beta}{d_{2}})\}\leq C_{3},$
(iii) $\max\{\frac{\beta}{\sqrt{d_{1}d_{2}}}(1+\frac{\alpha}{d_{1}}),$ $\frac{\alpha}{\sqrt{d_{1}d_{2}}}(1+\frac{\beta}{d_{2}})\}\leq C_{3}.$
3.2 $\alpha,$ $\beta$ $d_{1},$ $d_{2}$
$\searrow$
1 $\beta\geq 0$ $\alpha>0$
3.3 (Lou-Ni [24]; ). $a_{1}/a_{2}>(b_{1}/b_{2}+c_{1}/c_{2})/2$
$C_{4}=C_{4}(a_{i}, b_{i}, c_{l})<C_{5}=C_{5}(a_{i}, b_{i}, c_{i})$ $\Lambda_{1}=\Lambda_{1}(a_{\iota}, b_{l}, c_{l}, d_{l}, \beta, \gamma_{i})$ $\alpha,$ $d_{2\gamma_{2}}$
$\alpha\geq\Lambda_{1},$ $d_{2}+2v^{*}\gamma_{2}\in(C_{4}, C_{5})$ (SPN)
3.1. $a_{1}/a_{2}>$ $(b_{1}/b_{2}+ Cl/c_{2})/2$ $a_{2}/a_{1}>(b_{2}/b_{1}+c_{2}/c_{1})/2$
weak competition (3.1) strong competition
[24]
3.3 $\alpha$
$\beta\geq 0$ $\alphaarrow\infty$ (SPN)









(SPN) ( $\alpha$ : )
(SPN) $\beta\geq 0$ $\gamma_{1}=\gamma_{2}=0$ (SPN)
:
$\{\begin{array}{ll}\Delta\{(d_{1}+\alpha v)u\}+u(a_{1}-b_{1}u-c_{1}v)=0 in \Omega,\Delta\{(d_{2}+\beta u)v\}+v(a_{2}-b_{2}u-c_{2}v)=0 in \Omega,\partial u \partial v \overline{\partial n}=\overline{\partial n}=0 on \partial\Omega.\end{array}$ (3.2)
3.4 (Lou-Ni [25]; ). $1\leq N\leq 3$ $\eta>0$
$d_{2}\geq\eta,$ $0<b_{2}\leq 1/\eta$ $\delta_{0}=\delta_{0}(\eta, a_{i}, b_{1}, c_{2})$ $\beta/d_{2}\leq\delta_{0}$
(3.2) $(u, v)$
$\Vert u\Vert_{\infty}\leq 1/\delta_{0}, \Vert v\Vert_{\infty}\leq 1/\delta_{0}$
3.4 (3.2) $(u, v)$ $\alpha$
$U:=(d_{1}+\alpha v)u, V:=(d_{2}+\beta u)v$
$U,$ $V$
$\{\begin{array}{l}-\triangle U=u(a_{1}-b_{1}u-c_{1}v) in \Omega, \partial U/\partial n=0 on \partial\Omega,-\triangle V=v(a_{2}-b_{2}u-c_{2}v) in \Omega, \partial V/\partial n=0, on \partial\Omega,\end{array}$
$U,$ $V$ $W_{p}^{2}(\Omega)$ $\alphaarrow\infty$
3.5 (Lou-Ni [25]; ). $1\leq N\leq 3$ $(u_{n}, v_{n})$ $(3.2)(\alpha=\alpha_{n})$
$\alpha_{n}\nearrow\infty$ (i) (ii)
(i) $(u_{n}, \alpha_{n}v_{n})arrow(u^{*}, w^{*})$ ( $\Omega$ ), $(u^{*},w^{*})$ :
$\{\begin{array}{ll}\triangle\{(d_{1}+w^{*})u^{*}\}+u^{*}(a_{1}-b_{1}u^{*})=0 in \Omega,\Delta\{(d_{2}+\beta u^{*})w^{*}\}+w^{*}(a_{2}-b_{2}u^{*})=0 in \Omega,\frac{\partial u^{*}}{\partial n}=\frac{\partial w^{*}}{\partial n}=0 on \partial\Omega.\end{array}$ (3.3)
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(ii) $(u_{n}, v_{n}) arrow(\frac{\tau^{*}}{v}*, v^{*})$ ( $\Omega$ ), $\tau^{*}$ $v^{*}$ $\tau^{*},$ $v^{*}$
:
$\{\begin{array}{ll}d_{2}\Delta v^{*}+v^{*}(a_{2}-c_{2}v^{*})-b_{2}\tau^{*}=0 in \Omega,\frac{\partial v^{*}}{\partial n}=0 on \partial\Omega,\int_{\Omega}\frac{1}{v}*(a_{1_{*}^{-\frac{b_{1}\tau^{*}}{v}-c_{1}v^{*})dx}}=0. \end{array}$ (3.4)
$\alphaarrow\infty$ $(u_{\alpha}, v_{\alpha})$
(i) $\alpha v_{\alpha}arrow w^{*}$ $v_{\alpha}arrow 0$
(ii) u$\alpha$v$\alphaarrow\tau*$ ( ) $u_{\alpha},$ $v_{\alpha}$
(3.4) $\alpha$ $u_{\alpha},$ $v_{\alpha}$
(3.4) $N=1$ :
$\Omega=(0,1)$
$\{\begin{array}{l}d_{2}v_{xx}+v(a_{2}-c_{2}v)-b_{2}\tau=0 in (0,1) ,v_{x}(0)=v_{x}(1)=0,\int_{0}^{1}\frac{1}{v}(a_{1}-\frac{b_{1}\tau}{v}-c_{1}v)dx=0,\end{array}$
shadow system $v$ Lou-Ni-Yotsutani
[27, 48] Wu-Xu [40] shadow system (3.2)
(SPN) (3.2)
1. $\alpha>0$ $N$ (3.2)
( $1\leq N\leq 3$ )






:$\tilde{u}=\frac{b_{1}}{d_{1}}u,\tilde{v}=\frac{c_{2}}{d_{2}}v, a=\frac{a_{1}}{d_{1}}, b=\frac{a_{2}}{d_{2}}, c=\frac{c_{1}d_{2}}{c_{2}d_{1}}, d=\frac{b_{2}d_{1}}{b_{1}d_{2}},\tilde{\alpha}=\frac{d_{2}\alpha}{c_{2}d_{1}},\tilde{\beta}=\frac{d_{1}\beta}{b_{1}d_{2}}.$
$\tilde{u},\tilde{v},\tilde{\alpha},\tilde{\beta}$
$u,$ $v,$ $\alpha,$ $\beta$ (SPD) :





$\{\begin{array}{ll}-\triangle w+q(x)w=\lambda w in \Omega,w=0 on \partial\Omega.\end{array}$
$\lambda_{1}(q)$




$\triangle w+w(a-w)=0$ $in$ $\Omega,$ $w=0$ $on$ $\partial\Omega$ . (4.2)
(4.2) $w=\theta_{a}$ $a>\lambda_{1}$
(4.1)






$(\theta_{a}, 0)$ $a,$ $b$
$S_{1}(a, b; \beta);=\lambda_{1}(\frac{d\theta_{a}-b}{1+\beta\theta_{a}})=0$
$ab$ :
$S_{1}(\beta)$ : $=\{(a, b)\in R^{2};S_{1}(a, b;\beta)=0, a>\lambda_{1}, b>\lambda_{1}\}$
$=\{(a, b)\in R^{2};b=f(a;\beta), a>\lambda_{1}\}.$




$S_{1}(\beta),$ $S_{2}(\alpha)$ $f(a;\beta),$ $g(a;\alpha)$ $ab$
:
$S_{2}(\alpha):=\{(a, b)\in R^{2};S_{2}(a, b;\alpha)=0, a>\lambda_{1}, b>\lambda_{1}\}$
$=\{(a, b)\in R^{2};b=g(a;\alpha), a>\lambda_{1}\}.$
$g(a;\alpha)$ $a$ $g(\lambda_{1};\alpha)=\lambda_{1}$ ( 1 )
(4)
Dirichlet
Blatt-Brown [2], Cantrell-Cosner [3], Dancer [7, 8, 9], Yamada [46]
$ab$ :
$\Sigma^{+}(\alpha, \beta) =\{(a, b)\in R^{2};f(a;\beta)<b<g(a;\alpha), a>\lambda_{1}\}$
(4.4)
$\Sigma^{-}(\alpha, \beta) =\{(a, b)\in R^{2};g(a;\alpha)<b<f(a;\beta), a>\lambda_{1}\}.$
([46]):
(i) $(a, b)\in\Sigma^{+}(\alpha, \beta)$ $(\theta_{a}, 0)$ $(0, \theta_{b})$





4.1 (Yamada [45]; ). $(a, b)\in\Sigma(\alpha, \beta)$ $:=\Sigma^{+}(\alpha, \beta)\cup\Sigma^{-}(\alpha, \beta)$
(4.1) $\Sigma^{+}(\alpha, \beta),$ $\Sigma^{-}(\alpha, \beta)$ (4.4)
$\alpha,$
$\beta$
4.2 (Kuto-Yamada [17, 18]; ). $(u, v)$ (4.1)
$\alpha,$
$\beta$ $C_{1},$ $C_{2}$
$0\leq u(x)\leq C_{1}, 0\leq v(x)\leq C_{2}, x\in\Omega$
4.1. Neumann
$U:=(d_{1}+\alpha v)u, V:=(d_{2}+\beta u)v$






(4.1) $(\alpha=0)$ $(u_{\beta}, v_{\beta})$ $\betaarrow\infty$
$\Sigma(0, \beta)$
:






(4.1) $(\alpha=0, \beta: )$








4.3 (Kuto-Yamada [17, 18]; ). $(u_{n}, v_{n})$ (4.1) $(\beta=\beta_{n})$
$\beta_{n}arrow\infty$ $\{\beta_{n}\Vert u_{n}\Vert_{\infty}\}$ $\{(u_{n}, v_{n})\}$
$( \{(u_{n}, v_{n})\}$ ), :
$\lim_{narrow\infty}(\beta_{n}u_{n}, v_{n})=(w_{*}, v_{*})$ , $\Omega$
$(w_{*}, v_{*})$




$\beta$ (4.1) $(u, v)$
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